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Abstract. There has recently been a surge of interest in the study of mechanical systems near the
quantum limit. Such experiments are motivated by both fundamental interest in studying quan-
tum mechanics with macroscopic engineered systems and potential applications as ultra-sensitive
transducers, or even in quantum information processing. A particularly promising system is a mi-
crowave cavity optomechanical system, in which a nanomechanical resonator is embedded within
(and capacitively coupled to) a superconducting microwave cavity. Here we discuss two schemes
for the generation and measurement of quantum states of the nanomechanical resonator. A quan-
tum squeezed state may be generated via mechanical parametric amplification, while a number state
may be conditionally generated via continuous measurement and feedback control mediated by a
superconducting qubit.
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1. MICROWAVE CAVITY OPTOMECHANICS
Recent experiments with mechanical systems near the quantum limit have been con-
ducted over a wide range of system size and frequency. A large number of these exper-
iments employ a so-called “cavity optomechanics” setup, whereby a cavity-enhanced
optical or microwave field is used to transduce a micromechanical or nanomechanical
resonator, which itself is a mechanically-compliant part of the cavity [1].
One particular realization of a cavity optomechanics setup consists of a nanomechan-
ical resonator embedded within (and capacitively coupled to) a microwave cavity in the
form of a superconducting coplanar waveguide. Cooling [2], back-action-evading mea-
surement of mechanical motion [3], and ultra-sensitive measurement of the mechani-
cal motion [4] have been demonstrated. Due to the combination of a high-frequency
mechanical resonator, and a near quantum-limited transducer, such a setup is a good
candidate for the possibility of quantum state engineering and measurement.
Treating the microwave cavity as a lumped LC circuit, the capacitive energy acquires
a linear position dependence as C0
2dC2Σ
xQ2, where x is the position of the mechanical
resonator, Q is the charge on the equivalent capacitance CΣ, and C0 is the equilibrium
nanoresonator-cavity capacitance at the equilibrium separation d. If this term is quan-
tized and transformed to an interaction picture with respect to the free Hamiltonian, the
coupling takes the form h¯κX(t)a†a where X(t) = be−iωmt +b†e+iωmt is the position op-
erator in a rotating frame, with a and b being the annihilation operators of the cavityQuantum Communication, Measurement and Computing (QCMC)AIP Conf. Proc. 1363, 357-360 (2011); doi: 10.1063/1.3630211©   2011 American Institute of Physics 978-0-7354-0921-7/$30.00357
and mechanical modes, respectively. The bare coupling is κ = ωc2
C0
CΣ
∆x
d where ωc is the
cavity resonance frequency, and ∆x is the half-width of the nanoresonator ground-state
wavefunction.
By driving the cavity on its (resolved) sidebands corresponding to the mechanical
resonance, the component of the microwave field on resonance with the cavity couples
to the slowly-varying quadratures of the nanoresonator motion. The effective coupling
strength is g = |κ〈a0(t → ∞)〉|, where 〈a0(t → ∞)〉 is the steady-state amplitude at the
driving frequency. For a blue sideband drive (ωd =ωc+ωm), the coupling takes the form
Hb = h¯g
(
ab+a†b†
)
. For a red sideband drive (ωd = ωc−ωm), the coupling takes the
form Hr = h¯g
(
a†b+ab†
)
. For blue and red sideband drives, with some relative phase
ψ , the coupling is Hbr = h¯g
(
a+a†
)(
be−iψ +b†e+iψ
)
.
2. MECHANICAL QUANTUM SQUEEZED STATES
One could produce a squeezed state of the nanomechanical resonator by driving it para-
metrically [5]. Here, this means modulating its spring constant at twice its resonance fre-
quency, which may be achieved using a coupled capacitor plate. The driving term in the
Hamiltonian takes the form 12
[
4mωm
(
χ∗e+2iωmt +χe−2iωmt
)]
x2, with χ being the para-
metric driving strength. Quantized and in an interaction picture, this is h¯
(
χ∗b2+χb†2
)
,
recognizable as the Hamiltonian describing a degenerate parametric amplifier.
The microwave cavity can function as a transducer for the squeezed state. By driving
the cavity on its red-detuned sideband, in the adiabatic limit in which the cavity slaved
to mechanics, squeezing of the mechanical motion may be coupled into squeezing of
the microwave field. A quadrature of microwave field may be measured by homodyne
detection after amplification, potentially allowing the inference of quantum squeezing
of the mechanical mode.
The squeezing of a quadrature of the mechanical motion, SY ′m = 〈: Y ′m,Y ′m :〉, and the
output squeezing spectrum of the microwave field, SX ′c(ω) = 〈: X ′c(ω),X ′c(ω) :〉, were
calculated. These variances and squeezing spectra are shown and discussed in Fig. 1.
For driving on the red sideband alone, the microwave output squeezing spectra were
calculated for a range of non-zero temperatures of the mechanical mode. Naturally, the
squeezing is degraded as the thermal occupation of the mechanical mode is increased.
Significantly however, a correspondence between squeezing of some component of the
output microwave field and of a nanoresonator quadrature, is observed.
3. MECHANICAL NUMBER STATES
We also consider the possibility of conditionally generating mechanical number states
in a related system. It is assumed that the nanomechanical resonator and the microwave
cavity are coupled through a Cooper pair box (CPB) [6]. By monitoring a quadrature
of the output microwave field by homodyne detection, and feeding this back to control
the CPB charge bias, we can in principle realize a continuous indirect, quantum non-
demolition measurement of the number state of the nanoresonator [7].358
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FIGURE 1. Zero-temperature squeezing spectra Ss (ω) and nanoresonator quadrature squeezing SY ′m
for driving the cavity (a) on the blue sideband as a function of χ/µ with g/µ = 0.028, (b) on the blue
sideband as a function of g/µ with χ/µ = 4.8×10−5, (c) on the red sideband as a function of χ/µ with
g/µ = 0.09, (d) on the red sideband as a function of g/µ with χ/µ = 0.003, (e) on both the blue and red
sidebands as a function of χ/µ with g/µ = 0.09, and (f) on both the blue and red sidebands as a function
of g/µ with χ/µ = 8.0×10−4. Parameters are chosen such that the system remains below threshold. For
all plots, ωc = 2pi×6GHz, ωm = 2pi×20MHz, m = 10−15 kg, mechanical damping γ = 1.26×103 s−1,
and cavity damping µ = 3.77×105 s−1. The maximal squeezing of a nanoresonator quadrature attainable
is −3dB, achieved on threshold for the red sideband drive and for the blue and red sideband drive cases.
Excess noise is introduced in the blue sideband drive case due to the effective NDPA nanoresonator-
cavity coupling. The quantum non-demolition interaction in the two sideband drive case means that the
microwave field cannot be squeezed unconditionally.
In the energy eigenbasis of the CPB, taking the dispersive limit of the CPB-
nanoresonator interaction [8], and further transforming to an interaction picture and
making a rotating-wave approximation, the system is described by
H = h¯(δ +χb†b)σz+ h¯g′(aσ++a†σ−),
where δ = (Ω−ωc)/2 is the detuning between the CPB and the cavity, a (b) is the
annihilation operator of the cavity (mechanical) mode, χ is the effective coupling to the
nanoresonator, and g′ is the effective coupling to the cavity.
The “system-meter” interaction takes the form h¯χb†bσz, such that the phonon num-
ber may be measured by measuring an observable that does not commute with σz. The
measurement master equation under homodyne detection, following adiabatic elimina-
tion of the cavity, may be obtained. The measurement rate is Γ = 4g′2/µ where µ is359
FIGURE 2. Evolution of: (a) phonon number
〈
b†b
〉
and (b) phonon number variance Var
(
b†b
) ≡
〈(b†b)2〉−〈b†b〉2 for a typical trajectory assuming unit detection efficiency (η = 1).
the cavity damping rate, and the measurement record increment (setting θ = −pi) is
dr =
√
Γ
µ
〈
σy
〉
dt+ dW√ηµ with η being the measurement efficiency. This describes a dis-
sipative measurement of the qubit; a non-dissipative measurement of the qubit can be
implemented by applying Hamiltonian feedback to the CPB charge bias based on the
homodyne “photocurrent”. The appropriate conditional master equation is
dρ = −i[(∆′+χb†b)σz,ρ ] dt +ΓqD [σ−]ρ dt + γ
(
n0m+1
)
D [b]ρ dt
+γn0mD [b†]ρ dt +ΓD
[
σ−− η2 σx
]
ρdt− (1−η) Γη
4
D [σx]ρdt
+
√
ηΓdW H [σy/2]ρ,
where D [c]ρ and H [c]ρ are the dissipative and measurement superoperators, respec-
tively. The mixed-state evolution of the coupled nanoresonator-qubit system under feed-
back control was simulated; a typical trajectory is shown in Fig. 2. Conditioning onto a
number state occurs on time-scale short compared with time required for observation of
retroactive quantum jumps.
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